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31. A thin triangular plate of uniform density and thickness has
vertices at vi = (0, 1), v, = (8, 1), and v; = (2,4), as in the

solution? Is the solution unique? Use the figure to explain
your answers.

figure below, and the mass of the plate is 3 g. X
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a. Find the (x, y)-coordinates of the center of mass of the
plate. This “balance point” of the plate coincides with 33. Use the vectors u = (u;,.
the center of mass of a system consisting of three 1-gram
point masses located at the vertices of the plate.

b. Determine how to distribute an additional mass of 6 g
at the three vertices of the plate to move the balance

.Uy, v=(vy,...,v,), and
w = (wy,...,w,) to verify the following algebraic proper-
ties of R”.

a u+v)+w=u+(v+w

b. c(u+ v) = cu + cv for each scalar ¢

point of the plate to (2,2). [Hint: Let wy, w,, and w;

denote the masses added at the three vertices, so that 34 Usethe vectoru = (uy,...

w1+w2+w3=6.]

32. Consider the vectors v;, v», v, and b in R?, shown in the
figure. Does the equation x;v; + x,V, + x3v3 = b have a

oV h=5
\ o V3
Span {vy, vy, v3} %,

h=1

—4
The points 3 | lie on a line
h
that intersects the plane when
h=5.

, U,) to verify the following alge-
braic properties of R”.

a ut+(—u)=(-u)4+u=0
b. c(du) = (cd)u for all scalars ¢ and d

SOLUTIONS TO PRACTICE PROBLEMS

1. Take arbitrary vectorsu = (u1,...,u,) and v = (vq,...,v,) in R”, and compute
u+v= U +v,...,U, +v,)
= (V1 +Ut,..., 0, +Uy)

=v+u

Definition of vector addition
Commutativity of addition in R
Definition of vector addition

2. The vector y belongs to Span {vy, v,, v3} if and only if there exist scalars xy, x5, x3
such that

1 5 -3 —4
xi| =1 | +x2| =4 |+x3 1| = 3
-2 —7 0 h

This vector equation is equivalent to a system of three linear equations in three
unknowns. If you row reduce the augmented matrix for this system, you find that

1 5 =3 —4 1 5 =3 —4 1 5 =3 —4
-1 -4 1 3|~[0 1 =2 —1 ~10 1 =2 —1
-2 =7 0 h 0 3 -6 h-8 0 0 0 h-5

The system is consistent if and only if there is no pivot in the fourth column. That
is, h — 5 must be 0. So y is in Span {vy, v,, v3} if and only if # = 5.

Remember: The presence of a free variable in a system does not guarantee that the
system is consistent.

1.4 THE MATRIX EQUATION Ax=Db

A fundamental idea in linear algebra is to view a linear combination of vectors as the
product of a matrix and a vector. The following definition permits us to rephrase some
of the concepts of Section 1.3 in new ways.
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If A is an m X n matrix, with columns ay,...,a,, and if x is in R”, then the
product of A and x, denoted by Ax, is the linear combination of the columns
of A using the corresponding entries in x as weights; that is,

X1
AX=[31 a - an] = xi1a; + xza + --- + Xx,a,

Xn

Note that Ax is defined only if the number of columns of A equals the number of entries
inXx.

AN HEDRERE
][

B

2 =3 4 2 =3 8 [ —21 —13
b. 8 0 |: 7 ] = 8|+71 0= 32 | + 0= 32 [ |
-5 2 =5 2 —-20 14 —6

EXAMPLE 2 For vy, vy, vsin R™, write the linear combination 3v; — 5v, -+ 7v3 as
a matrix times a vector.

SOLUTION Place vy, v,, v3 into the columns of a matrix 4 and place the weights 3, —5,
and 7 into a vector X. That is,

3
3vi —5vy, + 7vy = [V] Vo V3] =5 | = Ax |
7

Section 1.3 showed how to write a system of linear equations as a vector equation
involving a linear combination of vectors. For example, the system

X1+2X2— X3=4
—5X2+3X3=1

L[ e[ e

As in Example 2, the linear combination on the left side is a matrix times a vector, so

that (2) becomes
X1
1 2 -1 4
X

3

ey

is equivalent to

Equation (3) has the form Ax = b. Such an equation is called a matrix equation,
to distinguish it from a vector equation such as is shown in (2).

Notice how the matrix in (3) is just the matrix of coefficients of the system (1).
Similar calculations show that any system of linear equations, or any vector equation
such as (2), can be written as an equivalent matrix equation in the form Ax = b. This
simple observation will be used repeatedly throughout the text.

Here is the formal result.



36 CHAPTER 1 Linear Equations in Linear Algebra

THEOREM 3

If A is an m X n matrix, with columns ay, ..., a,, and if b is in R”, the matrix
equation
Ax=Db 4

has the same solution set as the vector equation
xija; + xa + -+ x,a, = b 5)

which, in turn, has the same solution set as the system of linear equations whose
augmented matrix is

[a a, -~ a, b] (6)

Theorem 3 provides a powerful tool for gaining insight into problems in linear
algebra, because a system of linear equations may now be viewed in three different
but equivalent ways: as a matrix equation, as a vector equation, or as a system of linear
equations. Whenever you construct a mathematical model of a problem in real life, you
are free to choose whichever viewpoint is most natural. Then you may switch from one
formulation of a problem to another whenever it is convenient. In any case, the matrix
equation (4), the vector equation (5), and the system of equations are all solved in the
same way —by row reducing the augmented matrix (6). Other methods of solution will
be discussed later.

Existence of Solutions

The definition of Ax leads directly to the following useful fact.

The equation Ax = b has a solution if and only if b is a linear combination of the
columns of A.

Section 1.3 considered the existence question, “Is b in Span{ai,...,a,}?” Equiv-
alently, “Is Ax = b consistent?” A harder existence problem is to determine whether
the equation Ax = b is consistent for all possible b.

1 3 4 by
EXAMPLE 3 LetA=| -4 2 —6 |[andb = | b, |. Is the equation Ax = b
-3 -2 -7 b3

consistent for all possible by, by, b3?

SOLUTION Row reduce the augmented matrix for Ax = b:

1 3 4 b 13 4 by
4 2 =6 by |~|0 14 10 by +4b
-3 2 =7 by| |0 7 5 b3+3b
1 3 4 by
~10 14 10 by + 4by

0 0 0 by+3b—5(by+4by)

The third entry in column 4 equals b; — %bz + b3. The equation AXx =b is not
consistent for every b because some choices of b can make b — %bz + b3 nonzero. W



FIGURE 1

The columns of

A= [31
through 0.

a

a3 | span a plane
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The reduced matrix in Example 3 provides a description of all b for which the
equation Ax = b is consistent: The entries in b must satisfy

bl—%b2+b3=0

This is the equation of a plane through the origin in R3. The plane is the set of all linear
combinations of the three columns of A. See Fig. 1.

The equation Ax = b in Example 3 fails to be consistent for all b because the
echelon form of A has a row of zeros. If A had a pivot in all three rows, we would
not care about the calculations in the augmented column because in this case an echelon
form of the augmented matrix could not have arow suchas [0 0 0 1].

In the next theorem, the sentence “The columns of 4 span R”” means that every b in

R™ is a linear combination of the columns of A. In general, a set of vectors {vy,...,v,}
in R™ spans (or generates) R if every vector in R” is a linear combination of
Vi,...,v,—thatis, if Span{v,...,v,} = R".

Let A be an m x n matrix. Then the following statements are logically equivalent.
That is, for a particular A4, either they are all true statements or they are all false.

a. For each b in R”, the equation Ax = b has a solution.
b. Each b in R™ is a linear combination of the columns of A.
¢. The columns of 4 span R™.

d. A has a pivot position in every row.

Theorem 4 is one of the most useful theorems in this chapter. Statements (a),
(b), and (c) are equivalent because of the definition of Ax and what it means for a
set of vectors to span R™. The discussion after Example 3 suggests why (a) and (d)
are equivalent; a proof is given at the end of the section. The exercises will provide
examples of how Theorem 4 is used.

Warning: Theorem 4 is about a coefficient matrix, not an augmented matrix. If an
augmented matrix [ A b ] has a pivot position in every row, then the equation Ax = b
may or may not be consistent.

Computation of Ax

The calculations in Example 1 were based on the definition of the product of a matrix A
and a vector x. The following simple example will lead to a more efficient method for
calculating the entries in Ax when working problems by hand.

2 3 4 X1
EXAMPLE 4 Compute Ax,where A=| —1 5 =3 |andx= | x;
6 -2 8 X3
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SOLUTION From the definition,

2 3 4 X1 2 3 4
—1 5 =3 X2 = X1 -1 + X7 5 + X3 -3
6 -2 8 X3 6 -2 8
[ 2x, 3x ] 4x3
= | —x1 |+ 5x0 | + | —3x3 @)
6x, —2x; | 8x3

[ 2x, + 3xy + 4x3 ]
= —X1 + 5X2 — 3X3
| 6x1 —2x5 + 8x3 |

The first entry in the product Ax is a sum of products (sometimes called a dot product),
using the first row of A and the entries in x. That is,

2 3 4 X1 2x1 4+ 3x, + 4x3
X2 =
X3

This matrix shows how to compute the first entry in Ax directly, without writing down
all the calculations shown in (7). Similarly, the second entry in Ax can be calculated at
once by multiplying the entries in the second row of A by the corresponding entries in
x and then summing the resulting products:

X1
—1 5 =3 X = —X1 + 5X2 — 3X3
X3

Likewise, the third entry in Ax can be calculated from the third row of 4 and the entries
inx. [ ]

Row-Vector Rule for Computing Ax

If the product Ax is defined, then the i th entry in Ax is the sum of the products of
corresponding entries from row i of A and from the vector x.

EXAMPLE 5
. (1 2 -1 g [ 1-44+2-34+(-1)-7| |3
' |0 =5 3 7 {044+ (=5-3+3-7| |6
2 -3 4 2-4+4(=3)-7 —137]
b 8 0 |:7:|: 8-4+0-7 | = 32
| -5 2 (-5 -4+2-7 —6_
1 0o 0 r 1-r4+0-s4+0-¢ [ r
C. 0 1 0 s | =10r+1-5s+0-¢t [ == [ ]
| 0 1 t O-r+0-s+1-¢ | 7

By definition, the matrix in Example 5(c) with 1’s on the diagonal and 0’s elsewhere
is called an identity matrix and is denoted by /. The calculation in part (c) shows that
Ix = x for every x in R®. There is an analogous n x n identity matrix, sometimes
written as I,,. As in part (¢), [,x = x for every x in R”.
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Properties of the Matrix—Vector Product Ax

The facts in the next theorem are important and will be used throughout the text. The
proof relies on the definition of Ax and the algebraic properties of R”.

If A is an m x n matrix, u and v are vectors in R”, and ¢ is a scalar, then:

a. Alu+v) = Au + Av;
b. A(cu) = c(Au).

PROOF For simplicity, take n = 3, A = [a; a, a3],and u, vin R>. (The proof of
the general case is similar.) For i = 1,2, 3, let u; and v; be the ith entries in u and v,
respectively. To prove statement (a), compute A(u + v) as a linear combination of the
columns of A using the entries in u + v as weights.

up + v

Alu+v)=[a; a, az]| up+ v
Uz + U3

Entries inu + v
= (uy +vi)a; + (u2 + vo)ay + (u3 + v3)az

T T T Columns of A
= (u1a; + uray + uzas) + (via; + voa; + vsasz)
= Au + Av

To prove statement (b), compute A(cu) as a linear combination of the columns of A
using the entries in cu as weights.

(G751
A(cu) = [a; ay az]| cus | = (cur)ay + (cuz)ay + (cus)az
CUs
= c(u1a;) + c(ura) + c(uzaz)
= c(u1a; + uza; + usa;z)
= c(Au) [ ]

— NUMERICAL NOTE

To optimize a computer algorithm to compute Ax, the sequence of calculations
should involve data stored in contiguous memory locations. The most widely
used professional algorithms for matrix computations are written in Fortran, a
language that stores a matrix as a set of columns. Such algorithms compute Ax
as a linear combination of the columns of A. In contrast, if a program is written in
the popular language C, which stores matrices by rows, Ax should be computed
via the alternative rule that uses the rows of A.

PROOF OF THEOREM 4 As was pointed out after Theorem 4, statements (a), (b), and
(c) are logically equivalent. So, it suffices to show (for an arbitrary matrix A) that (a)
and (d) are either both true or both false. That will tie all four statements together.

Let U be an echelon form of A. Given b in R”, we can row reduce the augmented
matrix [ A b] to an augmented matrix [U d ] for some d in R™:

[A b~ ~[U d]
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If statement (d) is true, then each row of U contains a pivot position and there can be
no pivot in the augmented column. So Ax = b has a solution for any b, and (a) is true.
If (d) is false, the last row of U is all zeros. Let d be any vector with a 1 in its last entry.
Then [U d] represents an inconsistent system. Since row operations are reversible,
[U d] can be transformed into the form [A b]. The new system Ax = b is also
inconsistent, and (a) is false.

PRACTICE PROBLEMS

1 5 -2 0 _;
Lled=|-3 1 9 -5|p=| | andb=
4 -8 -1 7 4

=7

9 |. It can be shown
0

that p is a solution of Ax = b. Use this fact to exhibit b as a specific linear

combination of the columns of A.

2 5
3 1

by computing A(u + v) and Au + Av.

2. LetA=|:

1.4 EXERCISES

], u= [_4”, and v = [_g} Verify Theorem 5(a) in this case

Compute the products in Exercises 1-4 using (a) the definition, as
in Example 1, and (b) the row—vector rule for computing Ax. If a

9. 5x1 4+ xo —3x3=38

10. 4)C1 — X2 =38
le +3X2=2

3X1— X2=1

Given A and b in Exercises 11 and 12, write the augmented matrix
for the linear system that corresponds to the matrix equation
Ax = b. Then solve the system and write the solution as a vector.

-5
6
1

. Is u in the plane in

R? spanned by the columns of A? (See the figure.) Why or

2X2 + 4X3 =0
product is undefined, explain why.
[—4 27 3 1 5
1. 1 6 -2 2. |3 [ _1 ]
0 1] 7 1
S Y |k B
1 6 3 32 1 1 11. A= 1 5 2|,b=
- - | -3 =7 6]
In Exercises 5-8, use the definition of Ax to write the matrix | ) s
equation as a vector equation, or vice versa. 12 A=| -3 —4 2 b=
2 5 2 3
5 1 2 -3 1] -1 =[—4} 0 - 3
-2 -3 1 -1 1 1
- _ 13. Letu= |4 [and A= | -2
4 1
2 -3 -21
6 302 [ -3 j| B 1 why not?
8§ =5 5 —49 u?
| —2 1 11
4 -5 7 6
7. xi -l + x> ; + X3 = ° ou?
) 7 -5 0 0 __—"
—4 1 2 —7 Where is u?
8. 73 _ij|+22|: ;j|+23|: gj|+Z4|:(2)j|=|:1§i| 4 2
- 14. Letu=| —1 |andA=| 0
In Exercises 9 and 10, write the system first as a vector equation 4 1

and then as a matrix equation.

5
1
2

Plane spanned by
the columns of A

—1
-1
0

. Isuin the subset

of R? spanned by the columns of 4? Why or why not?



